EXISTENCE OF PERIODIC SOLUTIONS 
FOR THE LOTKA-VOLTERRA TYPE SYSTEMS 



NORIMICHI HIRANO AND SLAWOMIR RYBICKP 

Abstract. In this paper we prove the existence of non-stationary periodic solutions of 
delay Lotka-Volterra equations. In the proofs we use the S^-degree due to Dylawerski et al. 
[2]- 



1. Introduction 

The aim of this paper is to prove the existence of non-stationary periodic solutions of 
autonomous delay differential equations of Lotka-Volterra type 



ui(t) = ui(t)(r 1 - a u ui(t - r) - a 12 u 2 (t - r) - ... - a ln u n (t - r)), 
u 2 (t) = u 2 (t){r 2 - a 2l ui(t - r) - a 22 u 2 (t - r) - ... - a 2n u n {t - r)), 

u n {t) = u n (t)(r n - a nl ux(t - r) - a n2 u 2 (t - r) - ... - a nn u n (t - r)), 



where n > 1, r > 0, r\, . . . , r n G M., ay G M, for i,j — l,...,n. 

It is known that a broad class of problems in mathematical biology, economics and me- 
chanics are described in the form above with initial conditions 

Ui(s) = ifi(s), se[-r,0], (pi(0) > 0, , . 

^eC([-T,0],l), z = l,2,...,n. 

In case n = 1, the problem (1.1) is known as delay logistic equation. The existence and 
multiplicity of solutions of delay logistic equation has been investigated by many authors 
(cf. Goparlsamy [3] and Hale [4] and references therein). To compare with the method 
employed here with that for delay logistic equation, we illustrate the proof for the existence 
of periodic solutions of the logistic equation 

u(t) = au(t)(l -u(t-r)), (1.3) 
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where a > 0. For each initial function ip e C([— r, 0],R) with ip(0) > 0, one can find a 
solution of (1.3) with initial value u(ip)(s) = <p(s), s e [— r, 0]. We put 



z(<£>, a) = min |t > : u((p)(t) = 0, «(</?)(£) > 



and [A(a:) </?](£) = u(tp)(t — z(ip,a) — r) for t > 0. Then one can see that each fixed point 
■u of A(a) is a periodic solution of (1.3). The existence of the non-stationary fixed points 
of A(a) is proved by combination of the Hopf bifurcation theorem and fixed point theorems 
(cf. Section 11.4 of Hale [4]). For r = 1, it is known that a = tt/2 is the bifurcation point of 
solutions of (1.3) and for each a > tt/2, problem (1.3) has a non-stationary periodic solution. 

On the other hand, it is natural to ask if there are multiple solutions of (1.3) for sufficiently 
large r. The multiple existence of periodic solution of (1.3) for sufficiently large r also follows 
from the Hopf bifurcation. In general the methods employed for delay logistic equation are 
not valid for (1.1) with n > 1. 

In this paper we work with the space of periodic functions instead of considering the initial 
value problem and make use of the ^-degree, see [2], to prove the multiplicity of solutions 
of problem (1.1). Applications of the degree for equivariant maps to the study of periodic 
solutions of a van der Pol system one can find in [1] , [5] . 

To avoid unnecessary complexity, we restrict ourselves to the case n — 2, that is, we 
consider the coupled equations of the form 

u(t) = u(t)(r 1 — a u u(t — t) — a 12 v (t — r)), 
v(t) = v(t)(r 2 - a 2 \u(t - t) - a 22 v(t - r)). 

Our argument does not depend on any specific property of n — 2. That is why our result is 
valid for n > 2 with modifications of assumptions for the case that n > 2. 



(1.4) 



We impose the following conditions on matrix A = 



(AO) an, ai2, 021, a 22 , bi,b 2 > 0, where 



an 012 
Q21 o, 22 



(Al) (Ax, x) > for all iGK 2 \ {0}, 
&ia n &iai2 
6 2 a2i b 2 a 22 



' 61 " 


= A' 1 


n 






_ r 2 _ 



(A2) a matrix 



possesses two real eigenvalues fi 2 > 0. 



Remark 1.1. Notice that for an arbitrary n G N assumptions (AO), (Al), (A2) can be 
reformulated in the following way 
(AO) dij, hi > for 1 < i,j < n, 
(Al) (Ax, x) > for all {0}, 

(A2) a matrix diag(&i, . . . ,b n ) • A possesses only real, positive eigenvalues fj,±, . . . , /i p , where 
p > 1. Moreover, algebraic multiplicity of every eigenvalue ^ is equal to its geometric 
multiplicity. 



We can now formulate the main result of this article. 
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Theorem 1.1. Fix r > such that min ^ j < r < oo. Assume that there are ni,n 2 G 
N U {0} such that n\ ^ n 2 and for i — 1, 2, 

| + 2ni7r < < | + 2(m + 1)tt. (1.5) 

Under the above assumptions there is at least one non- stationary r -periodic solution of (1.4). 

After this introduction our paper is organized as follows. 

For the convenience of the reader in Section 2 we have repeated the relevant material from 
[2] without proofs, thus making our exposition self-contained. 

In Section 3 we have performed a functional setting for our problem. This section is of 
technical nature. Namely, applying transformation of functions and fixing the period we have 
obtained a parameterized problem (3.2) which is equivalent to the original problem (1.4). 
Next we have defined a Banach space E which is an infinite-dimensional representation of the 
group S 1 , an open ^-invariant subset 0o C E and an S^-equivariant compact operator F : 
(E x R + ) x [0, 1] — * E, see formula (3.5), such that solutions of equation F(((xi, x 2 ), A), 1) = 
(xi,x 2 ) in 6 x R + are exactly periodic solutions of problem (3.2). 

In Section 4 we have defined an open, bounded ^-invariant subset ^Ai,a 2 C ©o x R+ c 
E x R + such that the homotopy Q — F(-,0), defined by (3.5) does not vanish on dQ\ lt \ 2 . 
This allow us to simplify computations of the S^-degree of Q — F(-, 1) on Q\ lt \ 2 , see Lemma 
4.4. 

In Section 5 we have proved Theorem 1.1. 

2. S 1 -DEGREE 

In this section we have compiled some basic facts on the ^-degree defined in [2]. Let 
S 1 = {z G C : | z |= 1} = {e l ' e : 9 G [0,27r)} be the group with an action given by the 
multiplication of complex numbers. For any fixed mGNwe denote by Z m a cyclic group of 
order m and define homomorphism p m : S 1 — > CL(2,R) as follows 

cos(m#) — sin(m6 l ) 
sin(m^) cos(m6) 

Let £ be a Banach space which is an S 1 -represent at ion. We denote by Q : E x R — > E 
the projection. For each closed subgroup H of S* 1 and each ^-invariant subset Q C E, 
we denote by Q H the subset of fixed points of the action of H on Q. For given a G E, 
Si = {s G S 1 : s ■ a = a} is called the isotropy group of a and the set S 1 -a = {s ■ a : s <E S 1 } is 
called the orbit of a. Denote by r the free abelian group generated by N and let T = Z 2 ©r . 
Then 7 G T means 7 = {7,.} , where 70 G Z 2 and G Z for r G N. 

Fix an open, bounded S^-invariant subset Q C E x R and continuous S^-equivariant 
compact mapping $ : d(fl) — > E such that (Q + <&)(dQ) C E \ {0}. In this situation the S* 1 - 
degree Deg(Q + SI) = {7,.} G T, where 70 = deg 5 i (Q + $, Q) and 7 r = deg Zr (Q + $, Q), r G 
N, has been defined in [2] . 
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Theorem 2.1 ([2]). Let E be a Banach space which is a representation of the group S 1 , 
fl ,fli,Q 2 C Q be open bounded, S 1 -invariant subsets of E x R. Assume that $ : cl{VL) — > E 
is a compact S l -equivariant mapping such that (Q + $)(<9f2) C E \ {0}. Then there exists a 
V -valued function Deg(Q + fi) called the S 1 -degree, satisfying the following properties: 

(a) ifdeg H (Q + <Z>,Q) ^ 0, then (Q + (0) f) tt H ^ 0, 

(b) if (Q + $)- 1 (0) n n C n , then Deg(Q + $, ft) = Deg(Q + $, ft ), 

(c) i/fti n ft 2 = and (Q + nOcOiUOs, then 

Deg(Q + $, ft) = Deg(Q + $, ft^ + Deg(Q + $, ft 2 ), 

(d) if h : cZ(O) x [0,1] ^ E is an S 1 -equivariant compact homotopy such that 
(Q + h)(dn x [0, 1]) C E \ {0} , then Deg(Q + ho, ft) = Deg(Q + h u ft). 

Let Eq, E be real Banach spaces. We denote by K(Eq, E) the set of compact operators 
B : E — > E. Fix B E K(E,E). A real number /x is called a characteristic value of B if 
dimker(J — /jS ) > 0. Suppose now that A = I — B is an invertible operator. Denote 

by {/ix < /jl 2 < ■ • • < pip} the set of all characteristic values of B contained in [0, 1.] We set 

v 

sgm4 = (— l) d , where d = ^^dimker(J — /iiB ). 

i=i 

Fix B 1 E K(E x R, E) and define A = Q + B 1 : ExR^E. Assume that A is 
surjective. Since A is a Fredholm operator of index 1 and A is surjective, dimker A = 1. Fix 
r> G ker A \ {0} and define a linear functional ( :£xi->£ such that £(i>) = 1. Finally 
define an operator A~ :£xlR^i?xlby = (Aiu, £(«;)) and sgn(A, v) = sgn(A~). 

Assume additionally that / = Q + Q E C 1 (c/(r2), E). Suppose that a G ft is such that there 
is k E N such that S£ = Z fc , / _1 (0)nft = S 1 -a « S 1 /^ and D/(a) : SxM -> £ is surjective. 
Let / Zfc : x R -> £ Zfc denotes the restriction of /. Then Df Zk (a) : E %k x R — > is 
also surjective. We denote by v the tangent vector to the orbit S* 1 ■ a at a. Notice that 
v E kerDf Zk (a). 

This theorem ensures the nontriviality of the SMndex of the non-degenerate S^-orbit S 1 -a. 

Theorem 2.2 ([2]). Under the above assumptions deg Zk (f , fl) = sgn(D f Zk (a) , v ). Moreover, 
de §z fc , (/, fi) = /or every fc' > k. 

3. Functional setting 

Throughout the rest of this article we assume that assumptions (AO), (Al) and (A2) are 
fulfilled. Moreover, we fix r > satisfying assumptions of Theorem 1.1. 

In this section we convert problem (1.4) to an equivalent problem (3.2). Next we define 
spaces on which we will work and define a homotopy F of ^-invariant compact mappings. 
The study of periodic solutions of problem (3.2) is equivalent to the study of fixed S^-orbits 
of the operator F (■,!). 
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By a transformation of functions (cf. [4]), one can see that problem (1.4) is equivalent to 
the problem 

u{t) = -(auu(t-T) + ai 2 v(t-T))(bi+u(t)), , . 

v(t)= -(a 21 u(t-r) + a 22 v(t-T))(b 2 + v(t)). [ > 

Let (u, v) G C(R, R) x C(R, R) be a pair of periodic functions with period T. Then by putting 
T 

A = — , Xi(t) = u(Xt) and x 2 (t) = v (At) for t G R, we have that x = (xi,x 2 ) is a 27r-periodic 
2ir 

solution of problem 



xi(t) = —X(a u x 1 (t - r/A) + a 12 x 2 (t - r/A))(6i + £i(t)), 
^2^) = —X(a 2 iXi(t - r/A) + a 22 x 2 (t - r/X))(b 2 + x 2 (t)). 



(3.2) 



We will study the existence of 27r-periodic solutions of (3.2) for some A > instead of 
looking for periodic solutions of (3.1). We note that each function u : [0, 2tc] — > R with 
■u(O) = u{2tt) is extended to a 27r-periodic function on R. Therefore we identify a 27r-periodic 
function u on R with a function on [0, 2it} with u(0) = u(27r). 

Define a Banach space 

E = \x G C([0,2tt],R) : y A(t) 2 ctt < oo, x(0) = x(2vr) : and : y x(t)dt = j . 

/•27T 

with a norm ||-|| given by ||a;|| 2 = / x(t) 2 + x(t) 2 dt, for x E E. Moreover, we put j-u^ = 

sup {\u(t)\ :te[0, 2n]} for u E E. Put E = E x E and define an action p : S 1 x E -> £ of 
the group S* 1 as follows 

p(e^,(xi(t),:r 2 (t))) = (xx(t + 0),x 2 (t + 0)) mod27r. (3.3) 

Define an open ^-invariant subset Go C E as follows 

6 = {(x 1: x 2 ) G E : —hi < x t (t) for t G [0,2n],i = 1,2}. 

Next we define a homotopy of S^-equivariant mappings F : (£xl + ) x [0, 1] — > E associated 
to the problem (3.2) such that if ((xi,x 2 ),X) G 6 x R + satisfies F((x 1: x 2 ), A, 1) = (xi,x 2 ), 
then ((xi, x 2 ), A) is a solution of problem (3.2). 

Let (5 : E — > [0, 1] be a continuous mapping and jV : E x [0, 1] — > i? be a mapping defined 

by 

ST((<r t \ a\(f\ - ( -Ki^i^ - r / A ) +a 12 x 2 {t-r/X))(b 1 + 9x 1 (t)) \ 
M {{ Xl , x 2 ), V) [t) - ^ _( a2iXi ( t _ r/A) + a22X2[t _ T /X))(b 2 + 6x 2 (t)) ) 

for ((x 1 ,x 2 ), 0) EE x [0, 1]. We put 

*((*,,*»),«) = ( Zf^M ) = -± £ K^Wi^M')* 
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and 

r << T T \ a\-( C2i((xi,x 2 ),9) \ 
C2 ^ X2) ' e) -\c^{ Xl ,x 2 ),9) ) 

^ i>2w rt 

= -— J J f3(x 1 ,x 2 )Af((x 1 ,x 2 ),9)(s)dsdt-nc 1 ((x 1 ,x 2 ),9). 

We define a mapping F : (E x R+) x [0, 1] -> C(R, R) x C(R, R) by 

F(((a? 1 ,a? a ),A),^)(t)= (3.4) 

= -A / f3(xi,x 2 )Af((xi,x 2 ),9)(s)ds - tc 1 ((xi,x 2 ),6) - c 2 ((x 1 ,x 2 ),9). 
Jo 

From the definitions of ci and c 2 , we can see that for all ((x±, x 2 , A), 9) E (Ex R + ) x [0, 1] 

p2tt 

F(((x 1 ,x 2 ),X),9)(0)=F(((x 1 ,x 2 ),X),9)(2ir) and / F((( Xl , x 2 ), X),9)(t)dt = holds. 

Summing up, x 2 ), A), 0) G ,5 for all (((xi, x 2 ), A), 0) E (E x R + ) x [0,1]. It is also 

easy to see that F : (E x R + ) x [0, 1] — > E is an S^-equivariant compact mapping. 
From the definition of F, we find that (((xi,x 2 ), A), 0) G (6 x R + ) x [0, 1] satisfies 

F((( Xl , x 2 ), A), 9) = Q({x u x 2 ), A) (3.5) 

if and only if 

xi(t) = —\/3(xii x 2 )(auXi(t - r/A) + a 12 x 2 (t - r/A))(&i + 9xi(t)) - cu((xi,x 2 ),9), 
x 2 (t) = -Xf3(x 1 ,x 2 )(a 21 x 1 (t - r/A) + a 22 :r 2 (t - r/X))(b 2 + 0ar 2 (*)) - c 2 i((xi, z 2 ), 0). 

(3.6) 

We claim that system (3.6) is equivalent to 

xi(t) = -\/3(x 1 ,x 2 )(a 11 xi(t-T/\) + ai 2 x 2 (t-T/\))(b 1 + 9x 1 (t)), ^ ^ 

x 2 (t) — —XP(xi : x 2 )(a 21 xi(t — T/X) + a 22 x 2 (t — T/X))(b 2 + 9x 2 (t)). 

What is left is to show that cu((xi,x 2 ), 9) = for % = 1,2. 
Fix % E {1,2} and notice that 

d Mb l + x l (t))- ±m 



dt bi + Xi (t) 

= - \(3(x 1 ,x 2 )(a i iXi(t - r/A) + a i2 x 2 (t - r/A)) - Cll ^ x ^ ,X2 ^\ 

Oj + X{ (t) 

Thus 

ln(6j + Xi[t)) - ln(6j + x,(s)) 

Cji((xi,X 2 ), 



= -A y P(x 1 ,x 2 )(a il x 1 (w - t/X) + a i2 x 2 (w - r/X))dw - J 
for s, £ G R with s < i. 



6i + xAw) 



-dw 
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Since Xi (2ir) = ^(0), [ * x 1 (t)dt = [*x 2 (t)dt = 0, [ * Cil ^ Xl ' X2 ):^ dt = 0. 

Jo Jo Jo bi + Xi{t) 

Finally, condition Xi(t) > —bi for all t G [0, 2ir], implies cn((xi,x 2 ), 0) = 0, which completes 
the proof. 

We finish this section with the following lemma which yields apriori estimtes for periodic 
solutions of problem (3.8). 

Lemma 3.1. (1) For X 1 , X 2 G R + with Ai < A 2 , there exist positive numbers m , {d ! } KK4 
such that for each A G [Ai,A2],ct G [0,1] and r > 1, each solution (xi,x 2 ) G @o of the 
following problem 

x 1 (t)= -a\(a 11 x 1 (t-T/X) + a 1 2X 2 (t-T/\))(b 1 + x 1 (t)), ^ ^ 

x 2 {t) = -aX(a 21 x 1 (t - r/A) + a 22 x 2 (t - r/X))(b 2 + x 2 (t)), 



satisifes X{ < m , Xi < m fori = 1,2, and 

oo oo 

—bi < —d\ < xi(t) < d 3 , —b 2 < —d 2 < x 2 (t) < rf 4 on [0, 2n]; 
(2) there exists a G (0, 1) such that there is no nontrivial solution of (3.8) for a G [0, c*o] 

Proof. (1) Let Ai, A 2 G R + with Ai < A 2 and A G [Ai, A 2 ]. Let (xi,x 2 ) G Oo be a solution of 
(3.8). Then for % G {1, 2} we find that 

ln(6j + Xi(t)) — ln(6j + Xj(s)) = — a A / a^Xjiw — r/X)dw 

Js j=1 

for t, s G R with s < t. Let s G R such that Xi(s) = 0. Then we have 

/t 2 
^^ajjXj(w — r/X)dw). 

- 3=1 

Then noting that Xi(t) > —bi for i — 1,2, and taking into account assumption (AO) we 
obtain 

ar^t) < d 3 = b 1 exp(27rA(aiA + 01262)) - 61 for all * G [0, 2tt]. (3.9) 
Similarly as above we obtain 

x 2 (t) <d 4 = & 2 exp(2vrA(a 2 A + a 22 b 2 )) - b 2 for all t G [0,2tt]. (3.10) 
On the other hand, for all t G [0, 2ir] we have 

—61 < —di = bi exp(— 27rA(anrf 3 + a^cLt)) — 61 < Xi(t) 

and 

-62 < —d 2 = b 2 exp(-27r\(a 2 ids + a 22 d 4 )) - b 2 < x 2 (t). 
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From (3.8) and the inequalities above we find that 

\xi(t)\ < max C( | Oil | efa + ja^l d^ipi + di +2 ) for t G [0, 1] and i — 1, 2. (3.11) 

i=l,2 

We also have by differentiating the both sides of (3.8) and using the inequalities above 
that {|ij(t)| : t G [0,27r],i = 1,2} is bounded, which completes the proof of (1). 

(2) Suppose that there exists a sequence {a n } C {(xi n , x 2n )} C E such that lim a n = 

n^oo 

and each (xi n ,X2 n ) is a solution of (3.8) with a = a n . Then (3.9) and (3.10) holds with x\ 
and X2 replaced by x\ n and X2 n , respectively. Then we have that lim |xj n | = 0, % = 1,2. 

n— >oo 

By subtracting subsequences, we may assume, without any loss of generality, that l^inloo > 
|^2n|oo for all n > 1. We put ««„(£) = £j n / |^i n |oo for i — 1,2. Then we have that G 
for n > 1 and % — 1,2. We also have l^inl^ = 1 for all ra > 1. Then it follows that for n 
sufficiently large |wi n (£)| < 26 1 a: n A(a 11 + a 12 ) for allt G [0,27r]. That is lim |-u lri | = 0. 

This contradicts to the fact that Itiinl^ = 1 for all n > 1, which completes the proof of 
(2). □ 



4. HOMOTOPIES OF ADMISSIBLE S^-EQUIVARIANT MAPPINGS 

The aim of this section is to define an open, bounded ^-invariant subset ^x 1 ,x 2 C Oo x 
M + C E x M + such that the homotopy Q — F(-,9), defined by (3.5), does not vanish on 
dQx 1 ,x 2 - We underline that solutions of equation Q((xi, x 2 ), A) = F((xi, x 2 ), A), 1) in ^Ai,A2 
are exactly the periodic solutions of problem (3.2) in ^Ai,A2- 

We finish this section with Lemma 4.4, where we reduce the computation of the S^-degree 
of Q — F(-, 1) on ^Ai,a 2 to the computation of the S^-degree of Q — F(-, 0) on ^Ai,a 2 - 

We first consider the following eigenvalue problem associated with problem (3.2) 



u{t) = —~f\bi(anu(t — r/A) + ai 2 v(t — t/A)), 
v(t) = -^Xb 2 (a 2 iu(t - r/A) + a 22 v(t - r/A)), 



(4.1) 



where A, r > 0, 7 G M and (u, v) G E. By assumption (1.5) /ii 7^ ji2- Hence from assumption 
(A2) it follows that there exists a non-degenerate matrix P such that 



an&i CZ12&1 

«22^2 



/"I 
/i 2 



(4.2) 



Then linear problem (4.1) is transformed into the form 

Ui(t) = -7A^iUi(* - r/A), 
«2(0 = -l\^2U 2 {t - r/ A)), 



(4.3) 



by putting (1*1,1x2) = P 1 (u,v). 
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Let i = 1,2. We put Ui(t) = ^^(c k coskt + s k sinkt), where {c k },{s k } C R. Then 

k=i 

oo 

(t) = ^ ((fcsfc) cos kt + {—kc k ) sin fci) and 



fc=i 



—~f\fj,iu(t — t') = —-yXfii ^^{ca,.(cos kt cos kr' + sin fcr' sin kt) 

k=i 

+ Sfc(cos fcr' sin kt — sin fcr' cos kt)} 

oo 

= —'jXfii ^^{(cfc cos fcr' — Sfe sin kr') cos fci 
fe=i 

+ (cfc sin fcr' + s k cos fcr') sin fci}, 
where r' = r/\. If u\ is a nontrivial solution of (4.3), then 

ks k = — 7A / u 1 (c fc cos kr' — s k sin kr'), 
—kc k = — jXfJ>i(ck sin kr' + s k cos kr'), 
for all fcGE That is we obtain the following system of linear equations 

c k cos kr' — s k (sin kr' — J = 0, 

V 7Vi/ 

Cfc (sin kr' ^ — J + s fe cos fcr' = 0, 

for all k G N. Then cos 2 fcr' + ^sin fcr' — ^r^j = and therefore we find that 

— — = 1, — = - + 2nvr, for some n G N U {0}. (4.4) 
7A/X1 A 2 

If w 2 is a nontrivial solution of (4.3), then by the same argument as above we obtain that 

= 1, — = - + 2mr, for some n G N U {0}. (4.5) 



7AyU 2 A 2 

Consequently, we have that the eigenvalue 7 of problem (4.3) is of the form 

7= — (J + 2mry i — 1,2, and n G N. (4.6) 
/ijT V2 / 

Based on the observation above we obtain the following lemma. 

Lemma 4.1. Let X±, A 2 G K + with X\ < A 2 . Then the origin is an isolated solution of (3.2) 
i.e. there exists m± > such that if ((xi, x 2 ), A) G ©0 x [Ai,A 2 ] is a nontrivial solution of 
(3.2) Z/ien (27, x 2 ) ^ {(27, x 2 ) G O : ||xi|| < m\, ||x 2 || < mi} . 
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Proof. Let Ai,A2 G K + with Ai < A2. Suppose that there exists a sequence 
{((xin, x 2n ), A„)} C E xR + such that each ((x ln: x 2n ), A n ) is a solution of (3.2) and 

lim ||xi n || = lim ||x2„|| = 0. 

n— »oo n^oo 

We may assume that lim A n = A G [Ai,A 2 ] and |^2n| 00 < kinloc ^ or a ^ n > 1. We put 

n— >oo 

Uinit) = x in / kin loo for each n > 1 and i = 1, 2. Then we have 

u\n{t) = -X n (a u u ln (t - r/A n ) + a 12 u 2n (t - r/A n ))(&i + xi n (i)), 
«2n(*) = -A„(o2iUi„(* - r/An) + a 22 u 2n (t - r/A n ))(&2 + a; 2 „(t)). 

Then one can see that sup{||-u in || : n > l,i = 1,2} < 00. By differentiating the equalities 
above, we also have that sup{||iij n || : n > 1, i — 1, 2} < 00. Therefore we may assume that 
for each i, U{ n — > and — > -Uj strongly in E 1 . Then we have 

\ u 2 (t) = -X b 2 (a 2 iu 1 (t - r/A ) + a 22 u 2 (t - r/A )). 

That is (4.1) holds with 7 = 1. By the assumption (1.5), we have that (4.6) does not hold with 
7 = 1. Therefore problem (4.7) has no nontrivial solution. Then u\ = 0. This contradicts 
the definition of u\. □ 

Now fix Ai,A2 G 1R + with Ai < A2 and ao,mo, mi, {di} 1<i<4 be the positive numbers 
satisfying the assertion of Lemma 3.1 and Lemma 4.1. We may assume without any loss of 
generality that di +2 > {pi + di)/2 for i — 1,2. Define open bounded ^-invariant subsets 

©m = I {xi,x 2 ) G E : -h±A < Xi (t) < 2d l+2 , for i = l,2,t G [0,2tt]|, 

©m = {(xi,x 2 ) eE :-di< Xi(t) < d i+2 , for i = l,2,t G [0,2tt]}, 
and closed S^-invariant subset as follows 

©mi = {(xi,x 2 ) G £ : \\xi\\ < mi/2, i = 1,2} . 
Since bi > di,i = 1,2 and m x > can be chosen sufficiently small 

e mi ce„ce„c e . 

Moreover, define open bounded S' 1 -invariant subsets in the following way 

©1 = iy{xi,x 2 ) G E : Xi{tfdt < 2-Kml, i = 1, 2^ , Q = (0 M n ©1) \ 6 mi , 



= (0 M n0 1 )\0 



(4.8) 
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and notice that 0m C cI(0m) C 6. Then we can choose 5o > such that dist 2 (G>M, <90) > 5o- 
Let £ : [0, +oo) — > (0, 1] be a smooth function such that 

{a for t — 0, 

strictly increasing for < i < <5 , (4.9) 

1 for t > 5 . 

We put that 

(3{x 1 ,x 2 ) = £(dist 2 {{x 1 ,x 2 ),dQ)) ior( Xl ,x 2 )eE. (4.10) 
Then f3 G C 1 ^; R) and we have 

at \_ \ 1 for (xi,x 2 ) e mi , am 

^xi,a; 2 j-| ^ fo r ( Xl)X2 ) ec |(£\(e M n0 1 )). l4 ' iiJ 
Put Qai,a 2 = © x (Ai, A 2 ) and 

5 = {(((an, x 2 ), A), 0) G n Al)Aa x [0, 1] : F(((xx, x 2 ), A), 0) = x 2 ), A)} . 

Lemma 4.2. Under the above assumptions S fl (((96 x (Ai, A 2 )) x [0, 1]) = 0. 

Proof. Suppose that (((#i, x 2 ), A), 0) G 5. Then (3.6) holds for x 2 ), A), 0). Multiplying 

(3.6) by 0, and denoting Ui(t) = 9xi(t) for i = 1, 2, we find that 

iti(t) = -X/3(x 1 ,x 2 )(a 11 u 1 (t - r/A) + a i2 M 2 (t - r/A))(6i + 
u 2 (0 = -A/3(xi,a; 2 )(a 2 iMi(t - r/A) + a 22 w 2 (t - r/A)((6 2 + u 2 (t)), 

1-2-K 

holds. By Lemma 3.1 we obtain / Xi(t) 2 dt < 2% r m\, % — 1,2. Then we have (#i, x 2 ) ^ <90i. 

If (xi,x 2 ) G (96m, then we have that f3(x 1: x 2 ) = a . Then by (2) of Lemma 3.1, we have 
that u\=u 2 = 0. This contradicts to (xi,x 2 ) G c/(0). If (xi,x 2 ) G <96 mi , then (3(xi,x 2 ) = 1 
and < mi/2, for i = 1,2. Then by Lemma 4.1, we have that xi = x 2 = 0. Thus we have 
that S fl dtt\ 1: \ 2 = 0, which completes the proof. □ 

The following result is known. For completeness, we give a proof. 

Lemma 4.3. Suppose that r = 0. Then problem (3.6) does not have non-stationary periodic 
solution ((xi,x 2 ), A) G E x R + /or any 9 G [0, 1]. 

Proof. Let G [0, 1] and ((xi,x 2 ), A) G ©o x IR + satisfy (3.6). We first consider the case that 
> 0. Since r = 0, problem (3.6) reduces to the problem 

= -Xianx^t) +a 12 x 2 (t))(b 1 + 9x 1 (t)), (4 12) 

= -A(a 2 iXi(i) + a 22 x 2 (t))(b 2 + 9x 2 (t)). 
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We integrate the both sides of (4.12) from to 2n. Then by the periodicity, we have 

r 2w p2tt 



an / xi{i) 2 dt + <2i2 / xi(t)x 2 (t)dt = 0, 
Jo Jo 

PZ7V 

a 21 / x 1 (t)x 2 (t)dt + a 22 / x 2 (t) 2 dt = 0. 
Jo Jo 



Then one can see that X\ = x 2 = from the condition (Al). We next consider the case that 
9 = 0. In this case we multiply equations (4.12) by x-i and integrate over [0,27r]. Then we 
have the equalities above. This completes the proof. □ 

T T 

Lemma 4.4. Suppose that Ai = < A 2 = , where ji,j 2 G N. Then 

2jin 2j 2 ir 

Deg(Q - F(-, 0), n XlM ) = Deg(Q - F(-, 1), Q XlM ). 

Proof. To prove the assertion, it is sufficient to show that there exists no solution of (3.6) in 
dfl\ lt x 2 = d (0 x (Ai, A 2 )) = c/(6) x {Ai, \ 2 }UdQ x (Ai, A 2 ). We first see that there exists no 
solution on c/(6) x {Ai, A2}. From the definitions of Ai, A2, we have that the problem (3.6) is 
equivalent to (4.12) with A = Ai or A = A2. Then by Lemma 4.3, we find that xi = x 2 = 0. 
This contradicts to the assumption that (xi,x 2 ) G c/(0). We also have by Lemma 4.2 that 
there exists no solution of (3.6) in <96 x (Ai, A 2 ), which completes the proof. □ 

5. Proof of Theorem 1.1 

T T 

Throughout this section we assume that Ai = < A2 = , where ji,j 2 G N and 

2jin 2j 2 n 

put ^Ai,a 2 = @ x (Ai,A 2 ). From Theorem 2.1 and Lemma 4.4 it follows that to finish the 
proof of Theorem 1.1, it is sufficient to show that Deg(Q — F(-, 0), ^Ai,a 2 ) 7^ @ G T. But the 
mapping F(-, 0) is still too complicated to calculate the S' 1 -degree. Therefore we will provide 
another homotopy G of S^-equivariant compact mappings such that F(-,0) = G(-,0) and 
the ^-degree of of Q — G(-, 1) on ^Ai,a 2 is eas y to compute. 

We fix a C 1 -mapping a : [Ai, A2] — > [Ai, A2] such that a is increasing on [Ai,A2] with 
cr(Ai) = Ai and cr(A2) = A2, and 

o-(X k ,n) = A fc ,„ and &(X k , n ) = for each \ k , n = — — — G [Ai, A 2 ], k, n G N. 

2 + 2nix 

We now define a homotopy of S^-equivariant mappings G : ^Ai,a 2 x [0, 1] — > E by 

G(((x 1 ,x 2 ),\),9) = -(9a(\) + (l-9)\) [ (3(x 1 ,x 2 )X((x 1 ,x 2 ),0)ds. (5.1) 

Jo 

By definition of A/"(-,0), we have G(((x 1 ,x 2 ),X),9) G E for (((x 1 ,x 2 ), X),9) G (E x R+) x 
[0, 1]. If (((xi,x 2 ), X),9) G n Xl ,\ 2 x [0, 1] satisfies Q((x 1 ,x 2 ), A) = G(((x 1 ,x 2 ), A), 9) then 

J ±i(t) = -(9a(X) + (1 - 9)X)b 1 (3(x 1 ,x 2 )(a 11 xi(t - r/A) + a 12 x 2 (t - r/A)), ( , 
\ x 2 (t) = -(9a(X) + (1 - 9)X)b 2 (3( Xl ,x 2 )(a 21 Xi(t - r/A) + 022^ " r/X)). 
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Lemma 5.1. Under the above assumptions: 

Deg(Q - F(-, 0), n XlM ) = Deg(Q - G(-, 1), Q XlM ). 
Proof. By the same argument as in the proof of Lemma 4.4, we see that 

Deg(Q - G(-, 0), Q XlM ) = Deg(Q - G(; 1), Sl XlM ). 

Then since G(-, 0) = F(-, 0), we have by Lemma 4.4 that the assertion holds. □ 

f fi jji jji ] 

For n, m G N define $(n, m) = < j G N : — < — = — >. Notice that if n < m then 

I Li J Li J 3 J 

$(n, m) 7^ 0. 

The following lemma plays crucial role in our article. 
Lemma 5.2. Let assumptions of Theorem 1.1 be fulfilled. If n\ < n 2 ,j G $(711,712) and 

2(j + 1)71 2j7T 

Proof. Before we prove this lemma, we outline the main steps of the proof. Namely, we will 
prove that (Q — G(-, 1)) _1 (0) fl Q XlX2 consists of a finite number of non-degenerate orbits 

• 0j\ , . . . , ■a p . Since these orbits are non-degenerate, there are open bounded ^-invariant 
subsets Ui C cl(Ui) C Q XlX2 ,i = 1, . . . , p, such that (Q — G(-, 1)) _1 (0) fl Ui = S 1 ■ a iy % = 
1, . . . ,p. Moreover, we will prove that there are k & N and 1 < i < p such that S^. = Z ko 
and Sq. 7^ Zfc for every i 7^ i . 

By Theorem 2.1 we obtain 

Beg(Q-G(;l),n XlM ) = 

= Deg(Q - G(-, 1), U ± ) + . . . + Deg(Q - G(-, 1), U p ) G T. 
From the above and Theorem 2.2 we obtain that 

Deg Zfeo (Q-G(-,l),ft Al)A2 ) = 

= Deg Zfco (Q - G(-, l),U 1 ) + ... + Deg Zfco (Q - G(; 1), U p ) = Deg Zfc() (Q - G(-, 1), C/J ^ G Z. 

Let us begin the proof. First of all notice that since Hi 7^ n 2 applying change of coordinates 
(4.2) to the system (5.2) we obtain the following equivalent system: 

±i{t) = -a(\)P(p- 1 (x 1 ,x 2 ))niX 1 (t - r/A), . . 

± 2 (t)= -a(X)f3(P- 1 (x 1 ,x 2 ))i^ 2 x 2 (t-r/X)). ^ 

Notice that system (5.3) does not have solutions on d(PQ XliX2 ) = d(PQ x (Ai, A 2 )). Since 
P(P~ 1 (xi,x 2 )) = «o for any (xi,x 2 ) G P(cl(E \ (6m H ©i))), we find that (5.3) does not 
have solutions on P(E \ (Q M H 61)) x (Ai, A 2 ). 

Therefore we can choose R 3> r > such that 

Deg(Q-PG(; l)P-\ P& x (Ai, A 2 )) = Deg(Q-PG(-, l)P~\ (D R (E)\cl(D r (E)) x (Ai, A 2 )), 
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where 

P(cl(e M n 0i)) C D R {E) = {xeE: \\x\\ < R}, cl{D r {E)) = {x G E : \\x\\ < r} C P(9 mi ). 

Here we replace (3 by a function for which the calculation of degree is easier. 

Let £ G C°°([0, +00), [0, 1]) with = 1 for < t <j/F, = a for * G [-/R, +00) and 
£ is strictly monotone decreasing on [^fr, \/R]. Define (3 : E — > [a , 1] as follows 

/?(*i,x 2 ) :=e(||(x 1 ,x 2 )|| 2 ). (5.4) 

We denote by G(-, 1) the mapping G(-, 1) with /3 replaced by (3. Since maps (3, (3 coincide on 
d(D R (E) \ cl(D r (E)), G(-, l)\d(D R (E)\d(D r (E)) = G(-, l)\d(D R (E)\ci(D r (E)) and by the homotopy 
invariance of the S^-degree we have 

Deg(Q-PG(-, l)P~\ PQ x (Ai, A 2 )) = Deg(Q-P<5(-, l)P~\ (D R (E)\cl(D r (E)) x (A 1; A 2 )). 
For the simplicity of notation we will denote G(-, 1), (3 and £ by G(-, 1), (3 and £, respectively. 

If a(t) = (ai(i), a 2 (t)) satisfies (5.3), then we have by (4.6) that A = Afc jTl = - — - — for 
some k,n G N and ct;(t) G span {cos kt, sin /ct} for % — 1,2. Then by the definition of <r, we 
find that cr(Afc jTl ) = Afc >n = — for some k,n> 1. 

7T 

Now suppose that ai ^ 0. Then since <j(Afe ;n )/3(ai, a 2 )/ii = k and 77x1 7^ — \-2mr for n > 0, 
we find that /3(ai,a 2 ) < 1. Then taking into account (1.5) we obtain 

fcrgi | + 2(7n + l)7r 

' p f + 2n?r f + 2n7r 

Therefore we have n < n\. On the other hand, we have by the definition that 

T Jvl~ T 

2(7 + 1)tt - Vn = (f + 2mr) " 2jt? (5 ' 5) 

which is equivalent to kj < n < k(j + 1). 

Therefore 1 < k < [rii/j]. Then noting that //1 ^ /i 2 , we have that 

(a(t), A) = ((ai(i), a 2 (t)), A) = ((ci^ cos fci, 0), Afc >n ) for some 1 < A; < [rii/j], 1 < n < rii, 

where > is such that ^(ci^coskt, 0)Afc ;n //i = fc. 
Similarly, we have that if a 2 ^ 0, 

(a(t), A) = ((ai(t),a 2 (t)), A) = ((0, c 2jfc cos &£)), A fe , n ) for some 1 < k < [n 2 /j], 1 < n < n 2 , 

where where c 2j fc > is such that /3(0, c 2 ^ cos kt)\k, n ^2 = k. 

It is clear that the map s — > f3(su) is decreasing for any -u G Dr(E) \ cl(D r (E)). Then 
since /3(ai, a 2 ) < 1, the map s — > (3(sai, sa 2 ) is strictly decreasing in [1 — e, 1 + e\. 

This implies that each {(p(e ie , (ai(t), a 2 (t))), A) : G [0,2tt)} is an isolated orbit satisfying 
(5-3). 
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Now fix (a (t),\ k ,n) = ((ai(t),a 2 (t)),\k,n) = ((ci,k cos kt, 0), A fcjTl ), where 1 < k < [nx/j] 
and 1 < n < n\. Then (d (t),0) = ((di(t), d 2 (t)), 0) = ((— c 1:k ksm kt, 0), 0) is the tangent 
vector to the orbit S 1 ■ (a , Xk, n ) at (a , Afc )Tl ). 

Summing up, we have proved that (Q — G(-, 1)) _1 (0) consists of a finite number of S 1 - 
orbits. Below we prove that these orbits are non-degenerate. 

For simplicity of notation we put x = (xi(t),X2(t)). Then 



f(x,X) 



fi(x,X) 

f2(x,X) 



( 



Wo 



T \ 

-a(\)/3(x)(j,iXi(s — —)ds 
A 

T 

-o(X)(3(x)jj, 2 x 2 (s - j)ds 



DJi 



Then we obtain 



DJ 2 
D x f(a ,X ktn )(v) = 



D x h 



(5.6) 



(5.7) 



Jo 



/ 



kvi(s — 



kvi(s 



where £'( a o) < 0. 
On the other hand 



T T 

- — ) + 2X k!n ii 1 a 1 (s - — 
k — v 2 {s - - — ) 

A*l A k,n 



)£'(a )(a ,v) \ 



ds 



I 



T 



-) + 2X k , n iJ, 1 a 1 (s - — )^'(ao)<ai,7;i) \ 
k — v 2 {s - - — ) 

Hi *k,n 



ds 



Tx 
T 2 



Vl 

v 2 



( 



Dxf(x,X) = 



J' -P(x)Hi(cr , (X)x 1 (s - I) + - j))ds 

v J* -f3(x)^'(X)x 2 (s - I) + ^x 2 (s - L))ds 

and noting that cr(Afc jn ) = A^ n , cr'{X^ n ) = and that a = (ai,0) we obtain 

ft 

D\f(a , Xk, n ) 



f* T T 

/ P(a )fi 1 X k:n -^-d 1 (s - - — )ds 

JO A fc,n A k,n 



(5.8) 
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kr . . n , , \ / kr . n . \ 

- ™ )ds J - ( -c tt ; (t " ) - ( T s 

Let us consider the following eigenvalue problem v = /iD x f(ao, \k, n )v i-e. 

1>1 \ / TiDi 



^2 y/ " ^ V ^2^2 

for f = (vijV?) G -E, which is equivalent to the following system 

T IX 

vi{t) = -nikv^t - - — ) + 2X Kn ^x 1 a 1 {t - —)^'(a ){a 1 , vj), 
v 2 {t)= -fi v 2 (t-- — ). 

A*l A k,n 

Since (ai,cti) = 0, it is easy to verify that /i — 1 is the eigenvalue with corresponding 
eigenvector (di,0). 

Summing up, we obtain 

Q ~ Df(a , X k ,n) = Q - (D x f(a , A fe , n ), D x f(a , A fejTl )) = 

Id \ / Ti T 3 



= °- T =i H oj"( T 2 J : £ x R — > £ 

is a surjection such that ker(Q — T) = span{((di, 0), 0)}. Notice that we have just proved 
that S^-orbits of (Q — G(-, 1)) _1 (0) are non-degenerate. 

In other words the assumptions of Theorem 2.2 are satisfied. 

Since (a (t), \k,n) is an isolated non-degenerate solution of (5.3) and = Z fe , applying 
Theorem 2.2 we obtain 

deg Zk (Q -f,n) = ±1, deg Zfc , (Q - /, Q) = for fc' > fc (5.10) 

for an open, bounded ^-invariant subset Q C cl(Q) C ^Ai,a 2 sucn that (Q — /) _1 (0) fl fi = 
S 1 • a x {A fc , n }. 

The same computation one can perform for 
(ao(t), A) = ((ai(t), a2(t)), A) = ((0, C2,A; cos kt)), Xk, n ) for some 1 < k, n < n 2 , satisfying (5.5). 

Summing up, we have proved that (Q — /) _1 (0) n ^AiA 2 — S 1 ■ ai U . . . U S 1 ■ a p i.e. it 
consist of a finite number of non-degenerate S^-orbits S 1 ■ a±, . . . , S 1 ■ a p , each with nontrivial 
SMndex, see formula (5.10) . Since these orbits are non-degenerate, there are open bounded 
^-invariant subsets Ui C cl(Ui) C il\ 1 \ 2 ,i = 1, . . . ,p, such that (Q — G(-, 1)) _1 (0) fl Ui — 
S 1 ■ di,i = 1, . . . , p. And consequently by the properties of ^-degree we obtain 

Deg(Q-/,n Al ,A 2 ) = 
= Deg(Q -f,U 1 ) + ... + Deg(Q - /, U p ) G L. 



LOTKA-VOLTERRA SYSTEMS 



17 



Notice that for k n = 



n 2 



only n = n 2 satisfies (5.5). Therefore there is exactly one 

J J 

solution of (5.3) in ^Ai,a 2 °f the form ((0, c 2t k cos k t)), \k ,n 2 )- Moreover, other solutions of 
(5.3) are of the form {{c\^ coskt, 0), Xk, n ) or ((0, c 2 ,kCOskt)), Xk, n ), where k < /co- 
in other words there is exactly one orbit with isotropy group Zj. 

Finally, combining Theorem 2.2 with (5.10) we obtain deg Zk ^(Q — f, £l\ lt \ 2 ) ^ 0, which 
completes the proof. □ 

Proof of Theorem 1.1. Without loss of generality we can assume that n\ < n 2 . Fix 
j e $(ni,n 2 ) and define Ai = 2(j + 1)7r , A 2 = ^AiA 2 = @ x (Ai,A 2 ), where 6 C E is 
an open bounded ^-invariant subset defined by (4.8). In other words OaiA 2 is a cartesian 
product of an "annulus" 6 and an open interval (Ai, A 2 ). 

To complete the proof it is enough to show that (Q — F(-, 1)) _1 (0) fl fl XlX2 where the 
operator F is defined by formula (3.4). By Theorem 2.1 it is enough to show that either 
(Q - F(; l))-\0) n dQ XlX2 + 0, or Deg(Q - F(-, 1), Q Ai ,a 2 ) ^QeT. 

By Lemma 4.4 we obtain that (Q - Fp^O) n (dQ Xl x 2 x [0,1]) = 0. Therefore by the 
homotopy property of the S^-degree we obtain that 

Deg(Q - F(; 1), Q Al! A 2 ) = Deg(Q - F(-, 0), Q XlM ). 

By Theorem 2.1, what is left is to show that Deg(Q — F(-, 0), ^Ai,a 2 ) ^ 9 £ T. 
From Lemma 5.1 it follows that 

Deg(Q - F(-, 0), n XlM ) = Deg(Q - G(-, 1), Q XlM ). 

Finally by Lemma 5.2 we obtain Deg(Q — G(-, 1), ^Ai,a 2 ) 7^ @ G T. Notice that we have just 
proved that Deg(Q — F(-, 1), fy\i,A 2 ) 7^ © G T. The rest of the proof is a direct consequence 
of Theorem 2.1. 
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